We give a detailed description of the energy momentum relationships of the Bondi Gold field. The Schott field is separated into a near field and a radiation field. The physical significance of a plane acting as a barrier for transport of energy in the field of a charge with permanent hyperbolic motion, but which lets energy through in the case of hyperbolic motion for a finite time interval, is discussed. We deduce general expressions for energy and momentum of the near field and radiation field of charges with arbitrary motion. The field reaction on the particle producing the field is calculated. The formulae are applied to the Schott field and the Bondi Gold field.
INTRODUCTION
In order to obtain a reasonably complete understanding of the electromagnetic field from a hyperbolically moving charge we have to become familiar with the way that the field energy changes and moves in this field. The present article is devoted to developing a detailed description of the energy momentum relationships of the Bondi Gold field.
ENERGY TRANSPORT THROUGH THE PLANE X=0 DUE TO THE FIELD DISTRIBUTION OF THE BONDI GOLD FIELD
In this section we shall consider a problem concerning the Schott field, i.e., the field of a charged particle with hyperbolic motion, X=(L 2 +T 2 )
vector of the Schott field S X =(S I ) X +(S II ) X =0 for X=0, which means that the plane X=0 acts as a barrier for transport of field energy in the X-direction. The Schott field vanishes for X+T 0, and does not obey Maxwell's equations in the transition from X+T<0 to X+T>0. At this plane, which moves in the negative X-direction with the velocity of light, the field has a step function discontinuity. The problem with the Schott field may be seen as follows. Initially, i.e., for T<0, there is no field and there is no energy in the region X<0. According to the Lienard Wiechert theory a field, with a field energy, is appearing in this region when T>0. This, however, is an impossibility since no energy passes the plane X=0.
The solution to this problem of the Schott field is to supplement it by a distribution (a $-function singularity) at the plane X+T=0. It was shown by Bondi and Gold [2] that this may in fact be performed in such a way that the total field obeys the Maxwell equations everywhere. The Schott field plus this singular field is called the Bondi Gold field. The singular field front is due to the motion of the charge in the infinitely far past time, before it entered the region with hyperbolic motion. This front transports energy through the plane X=0 which acts as a barrier for transport of energy in the Schott field. The Bondi Gold front makes the appearance of field energy to the left of the plane X=0 possible.
If the charge moved uniformly before it entered the region H of hyperbolic motion, the Bondi Gold field front is a pure type-I field in the form of a Lorentzcontracted Coulomb field. Note that the limit & Ä c, corresponding to eternal hyperbolic motion, is unattainable. The charge enters H with velocity &<c. It was pointed out by Fermi [3] that the virtual photons [4] associated with such a field front have certain properties in common with ordinary photons for example, that they may excite a hydrogen atom.
A modification of the energy transport through the plane X=0 due to a period with uniform motion before the charge enters H will now be considered. In particular, we shall show that such a modification will appear even in the limit of eternal hyperbolic motion. Also it will become clear that a consistent interpretation of the front as a distribution cannot be obtained without taking the field produced by the charge before it enters H, into account.
The distribution of field and energy in the plane X+T=0 shall here be calculated using the limiting process I defined in [2] . The charged particle is assumed to arrive from an infinitely far position (X= ) with constant velocity & 1 , and to enter H, without any discontinuity in the velocity, at the position X 1 and a point of time T 1 . The proper acceleration of the hyperbolic motion is g=1ÂL, and the following relationships between the quantities defining the initial condition of the hyperbolic motion are valid:
At a point of time T>T 1 the fields produced by the particle may be described as follows. Inside a spherical surface S with radius T&T 1 and center at X=X 1 ,
The field of a charge first moving with constant velocity, then entering an electric field that accelerates it. The circle represents the spherical boundary between the Schott field inside it and the Lorentz-contracted Coulomb field outside it. The boundary moves outwards with the velocity of light. X V is the virtual position of the charge, and X 1 =-2 L the position, at the point of time T 1 =&L, where the charge enters the region with hyperbolic motion. The figure shows the electric field lines at the point of time T=&0.2L. The Coulomb field outside the spherical surface points out from the virtual position of the particle.
\=0 there is a Schott field, i.e., a field produced by the particle during the hyperbolic motion (see Fig. 1 ). This field is non-singular everywhere (except at the position of the point charge). According to Eq. (2.1.14) in [5] (hereafter Eq. (I: 2.1.14)), the non-singular character of the Schott field is maintained also in the limit
Outside S there is a generalized (i.e., velocity-dependent) Coulomb field produced by the particle during the uniform motion from T=& to T=T 1 . At an arbitrary point of time T this field is symmetrical about the plane X=X & , where
is the virtual position of the charge at the same point of time, i.e., its position if it continued to move with constant velocity & 1 . In the case of relativistic velocity the field is concentrated at this plane. Introducing a coordinate X =X&X & , the nonvanishing components of the electromagnetic field may be expressed as
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The energy density of this field is
boundary if |T 1 | is sufficiently large. The value of X at this point, which may be positive as well as negative, is called X 2 . We find
Using Eq. (2.1) this expression may be expanded in a series in 1Â# 1 , giving
This shows that X 2 Ä 0, like 1Â# 1 , as # 1 Ä . Inserting this expression for X 2 into Eq. (2.5B) we shall need the following series expansion:
From Eq. (2.1) we get
Using Eqs. (2.5) and (2.8) (2.10) we obtain
where
Both expressions approach zero as \ 2 when \ Ä 0. The result is the following distributions of the field and energy in the front plane, we find the total energy of the front,
The E X -component of the Coulomb field does not contribute to the energy of the front. The reason is that lim # Ä
. Thus the``effective'' energy density of the Coulomb field contributing to the energy of the front is
Comparing this with the expressions for the components of the Poynting vector,
we find where u F is given in Eq. (2.14B). Thus the passage of the front through a plane X=constant has the character of an instantaneous passage of energy. In order to study the transport of energy within the front we shall consider the Poynting distribution S \ F at the front. For the Coulomb field we have
We shall now describe the flux of energy of the front and of the Schott field close to the front. The front is the Lorentz contracted Coulomb field made by the particle in an infinitely remote past time. According to Eq. (2.16), the energy of the front decreases with time. A Schott field is built up behind the front. We shall now provide a more detailed picture of the energy flux between the front and the Schott field.
The energy density in the front and the flux of energy in the \-direction are given as functions of \ and T in Eqs. (2.14B) and (2.23). Using these expressions and applying the equation of continuity of energy to a circular ring in the plane of the front with center on the X-axis and radii \ and \+d\, we find the energy flux from the front into the Schott field behind it,
The energy flux in a circular disk with center on the X-axis and radius \ is
showing that the whole front loses energy per unit time (2Â3) Q 2 g 2 . The Schott field behind the front is finite and continuous, and according to Eq. (I: 2.1.14) its non-vanishing components at X+T=0 are
This gives the energy density
The corresponding components of the Poynting vector are
Due to the motion of the front a new region will continuously appear behind the front occupied by the Schott field. Let us see how this region is filled by field energy. During a small time interval 2T from T 0 to T 0 +2T the region behind the front which is filled by the Schott field has a thickness 2T. The energy density u of this field is given in Eq. (2.27). The energy comes partly from the front, according to Eq. (2.24), and partly from the Schott field behind this region, entering in the negative X-direction through the plane X=&T 0 , according to Eq. (2.28). The energy coming from the front corresponds to the first term in Eq. (2.27), which is the part of the energy in the Schott field associated with the field-component E X . The energy entering from right through the plane X=&T 0 corresponds to the second term, which is the part of the energy of the Schott field associated with its E \ -and B . -components. Summarizing: The plane X=0 acts as a boundary through which no energy of the Schott field is able to pass. Only the front energy passes this plane, at the moment T=0. Therefore the energy of the front and the Schott field in the region X<0 is constant and equal to the front energy at the moment it passes the plane X=0, namely &(2Â3) Q 2 g 2 T 1 . The Schott field receives the energy lost by the front, so the energy of the Schott field for T>0 is (2Â3) Q 2 g 2 T. The expression (2.23) confirms an observation made by Nagatsuga and Takagi [6] , namely that in the case of the Bondi Gold field there is a transverse energy transport in the plane X+T=0 directed towards the line of motion of the charge. It is given by
Note the difference between the energy transport in this plane, which moves in the negative X-direction with the velocity of light, and that in the fixed plane X=0. The total energy of the Schott-field is found by integration of the energy density, which is given by Eq. (I: 2.1.14). The integral diverges because of the point particle character of the charge. However, by introducing a cut-off radius =, which is direction-independent in the rest frame of the charge, one obtains a Lorentz-contracted integration limit outside the charge in the laboratory frame. Leibovitz and Peres [7] have performed the integration of this term at T=0 over all space outside this surface in the region filled by the Schott field, i.e., to the right of the surface X+T=0, and found
which to second order in =ÂL gives
Thus, in the limit of an indefinitely small charge the total field energy is the same for the hyperbolically moving charge, at the moment that the charge is at rest, as for a charge permanently at rest. Leibovitz and Peres has also calculated the rate of change of total field energy at the moment T=0 and found
which is the same as Larmor's formula (I: 2.2.1).
Let us now consider the energy flux through X=0 of the Coulomb field for a finite value of T 1 . The X-component of the Poynting vector of the Coulomb field at X=0 is
The spherical boundary S between the Lorentz-contracted Coulomb field and the Schott field arrives at the plane X=0 at a point of time T 0 =T 1 +X 1 . The energy per unit time entering the region X<0 due to the Poynting flux (2.34) is
Using these expressions, we find the energy streaming into the region X<0. The Coulomb energy coming into this region through the plane X=0 before the boundary S arrives at X=0 is
The Coulomb energy entering this region after the arrival of S at X=0 is
The sum W 1 +W 2 is the total Coulomb field energy which streams into the region X<0. Using that X 1 +T 1 =&L 2 Â2T 2 1 to second order in LÂT 1 , we find
in the limit T 1 Ä & . In this limit S X =0 for finite \ when T{0, which means that the energy transition for finite \ takes place at the time T=0. As we have seen in Eq. (2.16), this energy is at a point of time T divided between a front energy
Let us now consider how the energy flux density through the plane X=0 depends upon the distance \ from the X-axis. At an arbitrary point in the plane there is a Coulomb field until the Schott field arrives at a point of time T(\)= T 1 +-\ 2 +X 2 1 . The Coulomb field energy per unit area passing from T=& to
Since S X , as given in Eq. (2.34), has the limit zero for finite \ when T{0 and T 1 Ä & , the flux density of the Coulomb energy through the plane X=0 may be written f &1 (\) T 1 $(T ), in accordance with the expression (2.14B) for the distribution of energy in the front when T=0.
Note that even if S X Ä 0 when T 1 Ä & , both integrals (2.35) approach the limiting value Q 2 Â8T 2 in this case. Let \ 1 be an arbitrarily large, but constant value of \. Then we can divide the (X=0)-plane into a region outside \=\ 1 and a region inside \=\ 1 . It is easily shown that the Coulomb energy flux through the inner region has the limiting value zero for all T{0 when
This means that the contribution to the Coulomb energy flux outside the front (i.e., for T{0) into the region X<0 comes from regions infinitely far from the X-axis. In this connection one may note that the``half-width'' (i.e., the thickness containing half of the energy at fixed \) of a Coulomb energy distribution (i.e., a Lorentz-contracted Coulomb field in the limit # 1 Ä ) is proportional to \.
We shall now consider the case T 1 Ä & . The energy that enters the region X<0 from T=& to T=&= is
At the point of time T=&= the position of the front is X V == in the case T 1 Ä & . Thus the energy to the left of a plane at a distance = from the symmetry plane is
ENERGY AND MOMENTUM OF THE FIELD FROM A CHARGED PARTICLE IN ARBITRARY MOTION
We shall consider the general case allowing arbitrary motion of the charge. Then it will be useful to express the fields in terms of the vectors nÁ , &Á , and aÁ , where &Á and aÁ are the velocity and acceleration of the charge at the point of time T Q , and nÁ =R 9 ÂR is the unit-vector directed from the position of the charge at the time T Q to the field point at time T. The retarded field of the charge may be written as the sum of a generalized Coulomb field (I) and an acceleration field (II),
1A)
The expressions (3.1) represent the field at the point of time T a distance R=T&T Q from the position that the particle had at the time T Q . Teitelboim [8] studied the energy momentum tensor T +& II representing the acceleration field, and found that it fulfils the equation of continuity T +& II Â x + =0 outside the world line, just like the total energy momentum tensor and the difference T
There is no exchange between the parts I and II of the energy and momentum, except possibly at the position of the particle.
The energy and momentum of the radiation part, i.e., the type II part, of the field generated by the charge during a time interval from T Q 1 to T is given by the relativistic generalization of Larmor's formula,
where u + =#(1, &Á ) is the four-velocity of the particle and g is its acceleration in the instantaneous rest frame of the charge.
We shall now study the field energy, U I , of type I. This consists of the I-field and cross terms between the I-field and the II-field, containing terms with products of velocity and acceleration. Since the sign of the scalar product &Á } aÁ may change during the motion, the energy by U I cannot be expected to be positive definite. The energy density u I is given by
Inserting the expressions (3.1) leads to
The field corresponding to a retarded time interval from T Q to T Q +dT Q is at the time T within a spherical shell with direction dependent thickness and radius R=T&T Q , and with center at the position of the charge at the time T Q . The thickness of the shell in the nÁ -direction is } dT Q . The field energy of type I inside the shell is given by the space angle integral
where u I is given by Eq. (3.4) . The integration gives
An interesting and somewhat surprising property of this expression is that it may be written as the total differential of an energy which is therefore a state function of the field, i.e., independent of how the charge moves between the points of time T Q 1 and T Q 2 . This follows from the identity
which shows that the term containing aÁ } &Á combines with the velocity-dependent part of the generalized Coulomb energy, making a total differential. Thus the energy of the type I of the field in the shell corresponding to a retarded time interval from T Q 1 to T Q 2 is, at the time T,
The momentum is calculated in a similar way. Inserting Eqs. (3.1) into the expression for the Poynting vector, we get the momentum density of type I on the future light cone
where R=T&T Q . The momentum of type I in the shall corresponding to a retarded time interval from T Q to T Q +dT Q , which is given by the space angle integral dT Q R 2 pÁ I } d0, is found to be
This momentum may be written as a total differential,
Thus, the momentum at time T of type I, produced from T Q 1 to T Q 2 , is given by
Equations (3.8) and (3.12) are general expressions for the energy and momentum of type I at the point of time T in the region inside a spherical surface S 1 with radius T&T Q 1 and center at the position of the particle at time T Q 1 and outside a spherical surface S 2 with radius T&T Q 2 and center at the position of the particle at time T Q 2 . To find the energy in the whole region inside S 1 and outside the charge we must add the energy inside the surface S 2 . Note that this cannot be done just by taking the limit T Ä T Q 2 , since we would then neglect a region, occupied by the charge (arbitrarily small in the case of a point charge, but with arbitrarily large density of energy and momentum), which is inside a spherical surface in the laboratory frame. However, the natural procedure is to neglect a region which is spherical in the rest frame of the charge and which is, due to the Lorentz contraction, formed like an ellipsoid with half axes = and =Â# in the laboratory frame. Thus we have to calculate the energy and momentum in the region V between the spherical surface S 2 and the ellipsoid. In these equations we let the radius of the spherical surface, R 0 #T&T Q 2 , be of the same order of magnitude as =; i.e., the spherical surface S 2 is chosen as small as possible, but still outside the charged particle.
The integrals over the region V are calculated in Appendix A. From Eqs. (A21) and (A22) we get
where A + =(A 0 , A 9 ) is the 4-acceleration with components
To the expressions (3.13) we add the energy (3.8) and momentum (3.12), respectively, of type I produced by the particle from an arbitrary point of time T Q 1 to the point of time T Q 2 . Then we find that the point of time T Q 2 , which defines the spherical surface S 2 , does not appear in the expressions. That this had to be the case is clear from the fact that this surface is not part of the physical situation. It is a mathematical device introduced in order to be able to perform the calculations.
The field energy and the field momentum of type I at time T, produced by the particle from an arbitrary point of time T Q 1 until the time T, may be expressed, respectively, as
where the terms without argument refer to the time T.
To get the total energy and momentum of the field in the considered time interval, we must add the energy and momentum of type II of the radiation field given by Larmor's formula,
i.e.,
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Then the field energy at time T produced by the particle from the time T Q 1 to the time T is the sum of Eqs. (3.15A) and (3.17A), and the field momentum is the sum of Eqs. (3.15B) and (3.17B). Next let T Q 1 Ä & , and assume that the limit of P + R exists and that # 2 (T Q 1 )Â (T&T Q 1 ) Ä 0. This is true, for instance, when the particle has a constant subluminal velocity before a certain point of time in the past. Then from Eqs. (3.15) and (3.17) we get U=U I +U II and P 9 =P 9 I +P 9 II ,
If we include the Poincare stresses in the Coulomb field terms (with 2= in the denominator) such that these terms make up a 4-momentum m 0 U + , we get the following result for the total energy P 0 and momentum P 9 for the system of particle and field:
Here the second term at the right-hand side is the Schott four-momentum,
The time component is the Schott energy,
and the spatial component is the Schott momentum,
which in the case of linear motion reduces to
It may be noted that our calculation of Eq. (3.15) has been carried through without imposing any other restriction upon the motion of the charge, which may be curvilinear as well as rectilinear, than that it must be differentiable.
From Eqs. (3.21) we get a simple relation between the Schott four-momentum P + S and the rate of change of the particle's four-momentum P + =m 0 U + =m 0 (#, #vÁ ),
where { 0 =2Q 2 Â3m 0 . In Section 4 the general expressions (3.15) and (3.17) will be applied to the case of hyperbolic motion in order to study the energy and momentum relationships of the Schott field.
ENERGY AND MOMENTUM OF THE SCHOTT FIELD
The energy and momentum of the total field, i.e., of type I plus type II, will now be calculated for the Schott field of a hyperbolically moving charge. Leibovitz and Peres [7] have calculated U and dUÂdT at T=0. At this moment the particle is at rest, the Schott field is purely electrical, and the particle may be represented by a sphere of radius =. Their result will be confirmed as a special case of the general expressions, valid at arbitrary T, that we shall deduce.
Inserting v=T Q ÂX Q , #= gX Q , # 3 a= g=constant into Eqs. (3.15) we get by simple algebra
where v=v(T ), #=#(T ), X 1 =X(T 1 ). The expressions diverge for T 1 Ä & . The divergence is visible in the last term of each expression. However, the divergences are cancelled by corresponding terms in the expressions for the energy and momentum of the radiation field, which according to Eq. (3.17) are
By taking the limit T 1 Ä & in the sums U I +U II and P I +P II , we finally find the expressions for the energy and momentum of the Schott field in the laboratory frame at an arbitrary point of time,
This result has been found as a special case of the general formulae (3.15) (3.17) without making use of the expressions (I:2.1.14) for the field strength of the Schott field and the corresponding expressions for the energy and momentum densities. For the sake of completeness, however, we give these expressions:
Equations (4.5B) shows that pÁ S has a component in the \-direction. However, this does not contribute to the total momentum due to the axial symmetry of the field. Our general formulae contain some well-known special cases. The result of Leibovitz and Peres [7] follows by setting T=0. The first terms on the right hand sides of Eqs. (4.3) are the usual ones for the field of a uniformly moving charge. It is remarkable that they appear in unchanged form in the case of accelerated motion.
The terms in Eqs. (4.3) that do not depend upon =, may be interpreted as the relativistic energy and momentum of a part of the Schott field with a center of mass moving with the velocity of light in the negative X-direction. When the energy term (2Â3) Q 2 #&g has a negative value; i.e., when T<0, the corresponding momentum is in the positive X-direction.
For T<0 the Schott field fills only a part of the space with positive values of X, namely the region to the right of the front X=&T. Then the X-component of the momentum density, given in Eq. (4.5B), is negative everywhere in the field, corresponding to transport of positive field energy in the negative X-direction. For T>0 the Schott field occupies also a region to the left of the plane X=0 limited by the front X=&T. Equation (4.5B) shows that the momentum density of the Schott field is then positive for X>0 and negative for X<0.
Our integration has been performed at a fixed point of time in the laboratory frame. This is in accordance with the conventional synchronous formulation, which does not give covariant results, due to the fact that the particle is considered an open system in the electromagnetic sense. In the covariant, asynchronous formulation the integration is carried out by simultaneity in the instantaneous rest frame RF of the charge [9] . This means that one calculates the energy of the field in the frame RF and then Lorentz transforms the result to the laboratory frame. In this formulation the energy and momentum of the field of a uniformly moving charge constitute a four-vector, which is not the case in the synchronous formulation [10] . However, the result of the asynchronous calculation is not the energy and momentum of the field at a given moment in the laboratory frame, as is the case in the present calculation.
In classical electromagnetic models of the electron the terms in Eqs. (3.18) and (3.19) that depend upon the radius = of the charge are interpreted as representing the energy and the momentum of a uniformly moving electron. As is well known, the relationship between mass and velocity for the energy and momentum represented by these terms is anomalous because the system is open. In order to close the model, one may introduce stresses that keep the electron in dynamical equilibrium. When these so-called Poincare stresses are included the relationship between energy and momentum turns out to be relativistically correct [11] .
TOTAL ENERGY AND MOMENTUM OF THE BONDI GOLD FIELD
We shall now show how the general results in Section 3 give the energy and momentum of the singular plane X+T=0.
Imagine that the particle comes from the infinitely far with constant velocity & 1 and enters the region H with hyperbolic motion at a point of time T 1 without any discontinuity in the velocity. Then
1Â2 . In Eqs. (3.8) and (3.12) we now put T Q 1 =& and T Q 2 =T 1 and get the following expressions for the energy and momentum at time T>T 1 of the field outside a spherical region with radius T&T 1 and center at the position X=X 1 where the charge enters H,
These quantities are divergent when T 1 Ä & . In order to isolate the finite parts of the energy and momentum, we rewrite the expressions as follows,
where U 0 is a term independent of the observation time T,
Taking the limit T 1 Ä & we obtain
in agreement with Eq. (2.16), and
As is well known [12] , the field produced by the charge during the infinite past time in concentrated in the plane X+T=0. The energy and momentum of this plane are given in Eqs. (5.4), which shows that P F =&U F , in accordance with the fact that it moves in the negative X-direction with the velocity of light.
One may wonder how the result (5.4) is modified if the motion during the prehistory of the particle is different from uniform motion. Consider the case with an arbitrary motion before the particle enters the region with hyperbolic motion, but still with subluminal velocity in the infinite past. Then the type I energy and momentum are still given by Eqs. (5.4) , since Eqs. (5.1) do not presuppose constant velocity. However, additionally there will appear a radiation field moving in the negative X-direction. The energy and momentum of a radiation field are conserved quantities. This means that the only modification of Eqs. (5.4) due to acceleration before the charge enters hyperbolic motion is a constant additional contribution to the energy U 0 , while the term &(2Â3) Q 2 g 2 T will remain unchanged. The total energy and momentum of the Schott field and the front, i.e., of the Bondi Gold field, are, according to Eqs. (4.3) and (5.4), Our results provide the solution of an earlier unsolved problem, considered recently by Ng [13] . He showed by numerical calculation that the total electromagnetic field energy of a uniformly accelerated point charge at one instant is the same as that at another instant when the charge is moving at the same speed in the opposite direction. Ng noted that an analytical proof of this result is still lacking. Our calculations provide such a proof. The remarkably simple result of the rather comprehensive calculations is given in Eqs. (5.5), which shows that the total energy of the Bond Gold field depends upon T 2 , only. This proves Ng's conjecture. The expression for the total energy of the Bondi Gold field is somewhat surprising. It consists of a constant energy, U 0 , and the energy of the CoulombÂvelocity field. There is no acceleration dependent term in the expression. Both the character of the two terms and the T The expression for the energy of the Bondi Gold field may be rewritten as follows:
The first term of the last line is the energy of the CoulombÂvelocity field, the second term the radiation energy, and the third term the Schott energy. The CoulombÂvelocity term comes from the Schott field. The radiation energy also belongs to the Schott field. The Schott energy term comes from the front. It is the fact that the sum of the radiation energy and the Schott energy is constant which hides the radiation energy in the expression (5.5A) for the total energy of the Bondi Gold field.
THE ENERGY AND MOMENTUM OF THE BONDI GOLD FIELD PLUS THE CHARGED PARTICLE
The energy of the system, consisting of the charge and its electromagnetic field, must be a conserved quantity if we include the potential energy of the particle in the external field of force which accelerates it. Hypothetically one might have said that the energy of the particle must be added to the field energy, given by Eq. (5.5A), and that this is conserved, separately, during the hyperbolic motion, since this motion has vanishing radiation reaction. This point of view leads, however, to a contradiction, since the total energy of the Bondi Gold field is not constant. We therefore interpret the energy (Q 2
Â2=) #[1+(1Â3) &
2 ] as belonging to the particle. This energy is a quantity of state for the particle, depending upon the instantaneous velocity. Together with a velocity dependent non-electromagnetic part of the particle mass, U M , due to, say, the Poincare stresses, it makes up the physical particle, which has energy #m 0 , where m 0 is the measurable rest mass of the particle.
For the energy of the system consisting of the field and the particle we may write
where U M is the non-electromagnetic energy of the particle and U pot is its potential energy in the field that accelerates the particle during the hyperbolic motion. Using Eq. (5.5A) and defining zero level for the potential energy at X=0, we obtain
where the relativistic mass of the particle is
Correspondingly for the momentum of the field and the particle we have,
and P M is the contribution to the momentum from the non-electromagnetic energy. It may be noted that according to the above interpretation the time-dependent term in the energy and momentum, Eq. (5.5), of the Bondi Gold field, represents the electromagnetic part of the particle's mass and momentum.
FIELD ENERGY OF A CHARGE INITIALLY AT REST AND THEN MOVING HYPERBOLICALLY
Following Boulware [12] we now consider the situation in which the charge has stayed at rest from T=& to T=0 at the point X=L. Then the whole of space is filled with the Coulomb field of the charge, E 9 =QnÁ ÂR 2 , with an energy behind the plane X=0, which we find to be Q 2 Â8L. At the point of time T=0 a force starts acting upon the charge, so that it gets a constant proper acceleration; i.e., it starts moving hyperbolically in the X-direction. At T=0 there will be a discontinuity in the acceleration, but not in the velocity. According to Bondi and Gold [2] , this leads to Lie nard Wiechert potentials in accordance with Maxwell's equations. The field produced during T 0 arrives at the plane X=0 at a time T=L and occupies an increasing region behind the plane, formed like the cap of sphere with radius T. In this region the new field, consisting of a velocity-dependent part and an acceleration-depend part, replaces the old Coulomb field. Since no net energy penetrates the plane X=0, the total field energy to the left of the plane is constant, implying that the field energy in the spherical map must be equal to the energy of the Coulomb field that it replaces. By a short calculation we find that the energy of the Coulomb field within a spherical cap at the point of time T is Q 2 (1&LÂT ) 2 Â8L. We have checked (by a rather long calculation) that this is indeed the energy of the new field in the same region.
The field produced by the charge during its motion arrives at the plane at T=L. At a point of time T>L this field passes through a circular area of the plane with radius \=(T 2 &L 2 ) 1Â2 . The transport of radiation energy I II (T ) per time through the plane in this situation is found by integrating &2?\(S II ) X from \=0 to \=(T 2 &L 2 ) 1Â2 , where the Poynting vector component (S II ) X is given by Eq. (II: 3.10). This leads to
This radiation fills a volume to the left of the plane, formed as a spherical cap with radius T. The radiation energy within this region is
which gives
Since no net field energy has passed through the plane an equal amount of the velocity-dependent near-field energy has been extracted from this region, following the charge to the right of the plane. We may now find the total radiation energy emitted by the particle, passing to the left through the plane, as the particle moves away from the plane,
This is just the same energy as was contained in the Coulomb field in that region before the charge started to move. It may be noted that the limit T Ä is consistent with Eq. (2.39).
APPENDIX A

Calculation of the Energy and Momentum of Type I for the Electromagnetic Field of a Charge with Rectilinear or Curved Motion
We consider the path of the charged particle in the laboratory frame up to a point of time T. The position at this point of time is chosen as spatial origin in a coordinate system (x, \, .) with x-axis in the direction of the velocity. The velocity at the time T is &Á , and the acceleration is aÁ .
Let us decompose the acceleration aÁ in one component a & =d&ÂdT=aÁ } &Á Â& parallel to the velocity and one component aÁ = perpendicular to the velocity, so that aÁ =aÁ & +aÁ = . Also we introduce the quantities
which appear when retarded values are calculated. We shall first find the energy density u I and momentum density pÁ I of the nonradiative component I of the electromagnetic field of the charge at a field point P at the time T expressed by the position, velocity and acceleration of the charge at the same point of time. The densities will be written as expansions in powers of r$. The strongest singular term is of order r$ &4 . We shall need this term and the term of order r$
&3
. Integrating these terms over a volume of the order of magnitude r$ 3 , we obtain terms of the order r$ &1 and r$ 0 respectively. Terms of higher order are not of interest since they vanish in the limit r$ Ä 0.
The equality signs below mean``equal to the necessary order.'' The superscript, means``retarded value''.
The retarded time and position, respectively, are
Here &Á =&Á &aÁ T 1 , R 8 =T 1 +T 2 , R 9 8 =R 9 +&Á T 1 +&Á T 2 &(1Â2) aÁ T
